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Fractional Diffusion Model

Motivations

Many transport problems exhibits (at certain scales) non-normal diffusion, e.g. for
complex phenomena such as

dispersion in porous media

dispersion in turbulent flows

. . .

Fractional diffusion models

Needs for model to account for some non-normal effects in

non-normal in space: spatial-fractional diffusion
memory effects : time-fractional diffusion

Objectives

Propose uncertainty quantification methods for fractional diffusion

Investigate resolution of inference problems (Bayesian)
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Space-fractional diffusion equation

(Stochastic) Space-Fractional Diffusion Equation
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Space-Fractional diffusion

- Deterministic general 1D diffusion equation in unbounded domain:

∂u(x , t)
∂t

= −∂Qβ(x , t)
∂x

- fractional diffusion flux Qβ(x , t), (Fickian for β = 1)

Qβ(x , t) := − κ

2 sinβπ/2

[
∂βu(x , t)
∂xβ

− ∂βu(x , t)
∂(−x)β

]

- Riemann-Liouville fractional derivative for u(x , t) and 0 < β < 1:

∂β

∂xβ
u(x , t) ≡ 1

Γ(1 − β)

∂

∂x

∫ x

−∞

u(ξ, t)
(x − ξ)β

dξ

∂β

∂(−x)β
u(x , t) ≡ −1

Γ(1 − β)

∂

∂x

∫ ∞

x

u(ξ, t)
(ξ − x)β

dξ

- Fractional diffusion flux:

Qβ(x , t) = − κ

2 sin(βπ/2)Γ(1 − β)

∂

∂x

∫ ∞

−∞

u(ξ, t)
|x − ξ|β dξ
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Riesz fractional derivative & fundamental solution

- For κ = 1 and 1 < α = β + 1 < 2, Riesz fractional derivative

∂u(x , t)
∂t

:= x Dα
0 u =

Γ(α)

π(α− 1)
sin
(απ

2

) ∂2

∂x2

∫ ∞

−∞

u(ξ, t)
|x − ξ|α−1

dξ

- Fundamental solution*for 1 < α < 2 and −∞ < x < +∞:

G0
α(x , t) = t

−1
α L0

α(t
−1
α x), L0

α(x) =
1

xπ

∞∑

n=1

(−x)n Γ(1 + n/α)
n!

sin

[−nπ
2

]
.

F. Mainardi, Y. Luchko, G. Pagnini, The fundamental solution of the space-time fractional diffusion equation, Fractional Calculus and

Applied Analysis, 4, 153-192, (2001).

- Infinite domains handled by particle methods: arbitrary order
S. Allouch, M. Lucchesi, OLM, K. Mustapha, and O.M. Knio. Particle Simulation of Fractional Diffusion Equations, Computational

Particle Mechanics, 7, pp. 491-507, (2020).
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Steady Fractional diffusion

Consider the steady solution with fractional flux in a bounded domain.

- 1-d two-sided conservative fractional order differential equations with variable
coefficient κ:

−∂x

(
κ(x)∂α,θ

x u(x)
)
= f (x), for x ∈ Ω := (a, b)

with u(a) = u(b) = 0.

- two-sided fractional order differential operator:

∂α,θ
x ϕ := θaDα

x ϕ+ (1 − θ)x Dα
b ϕ

- left-sided (LS) and right-sided (RS) Riemann-Liouville fractional derivatives:

aDα
x v(x) :=

∂

∂x
aI1−α

x v(x) =
∂

∂x

∫ x

a
ω1−α(x − z)v(z) dz,

x Dα
b v(x) :=

∂

∂x
x I1−α

b =
∂

∂x

∫ b

x
ω1−α(z − x)v(z)dz

aI1−α
x and x I1−α

b are the LS and RS Riemann-Liouville fractional integrals, with

kernel ω1−α(x) := x−α

Γ(1−α)
.
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Solution method

Fractional operator discretization involves approximating integral (convolution):

- the convolution kernels have slow decay

- convergence of the discretization scheme is critical

- can be enhanced by using graded mesh (adapted at boundaries)

- yields dense discrete operators
Mustapha, Furati, Knio and OLM. A Finite Difference Method for Space-Fractional Differential Equations with Variable Diffusivity

Coefficients, Communications on Applied Mathematics and Computation, 2, (2020).

Boukaram, Lucchesi, Turkiyyah, OLM, Knio and Keyes, Hierarchical Matrix Approximation for Space-Fractional Diffusion Equations,

Computer Methods in Applied Mechanics and Engineering, 369, (2020).

S. Allouch, M. Lucchesi, OLM, K. Mustapha, and O.M. Knio. Particle Simulation of Fractional Diffusion Equations, Computational Particle

Mechanics, 7, pp. 491-507, (2020).

Below, we focus on 1d (inverse) problems but for uncertain α and κ.

Hal-Zahrani, Lucchesi, Mustapha, OLM and Knio. Bayesian calibration of order and diffusivity parameters in a fractional diffusion equation,

J. Physics Commu., 5:8, (2021).
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Experiment 1: uncertain α ∼ U(0.1, 0.9)

−∂xκ(x)∂αx u(x) = f (x), a ≤ x ≤ b.

- fractional coefficient α ∼ U(0.1, 0.9)

- deterministic κ(x) and forcings f (distributed or localized)

- PC expansion in α of u(x) (using Gauss quadrature)

u(x ,α) ≈ û(x ,α) :=
∑

k

uk (x)Ψk (α).
was computed and found to be less than 2% (results not shown) for all forcing functions considered and all
values of ↵ in the prior range.
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Figure 2: Case 1: solutions, u, and surrogates, bu, for 16 randomly selected values of ↵ corresponding to distributed forcing
(left), localized forcing at x0 = 0.1 (center) and at x0 = 0.5 (right).

6.1.2. Inference of ↵

In Case 1 we want to estimate ↵ based on observations of the solution at a collection of observation
points xi, i = 1, . . . , md. A randomly selected true value ↵t = 0.4521 is used. Noisy data, ũi, are generated
at the observation points according to

ũi = bu(xi;↵t)(1 + ✏i), i = 1, . . . , md,

where bu(xi;↵t) is the surrogate prediction and ✏i’s are i.i.d. Gaussian random variables with zero mean and
standard deviation ⇢̃t = 0.01. The log-likelihood of the observations is consequently expressed as

ln(L (du|↵, ⇢)) / �1

2

mdX

i=1

ln ⇢2
i �

1

2

mdX

i=1

✓
ũi � bu(xi;↵)

⇢i

◆2

, (11)

where du = (ũ1, ũ2, . . . , ũmd
)T is the observation vector and ⇢ is a hyper-parameter that we also infer from

the data. A Je↵rey’s prior for ⇢ is assumed, with density p(⇢) = 1/⇢2. Noisy observations are generated at
md = 5 observation points, located at x = 0.1, 0.3, 0.5, 0.7 and 0.9. For the distributed forcing case, the
noisy observations are generated from a single experiment, observing the solution at the specified stations.
In the localized forcing case, the observations come from md independent experiments involving a localized
forcing centered at the corresponding observation station and using the same “system” (medium). The
“true” solution profiles (bu) and the noisy observations are depicted in Figure 3.

The marginal posterior densities of ↵ for the distributed and localized forcing scenarios are plotted in
Figure 4. In both instances, the posterior of ↵ is a narrow distribution with a well-defined peak. The
MAP estimates are ↵ = 0.4177 for the distributed forcing experiment, and ↵ = 0.4788 for the localized
forcing experiments; the corresponding MLE results are ↵ = 0.4499 and ↵ = 0.4787. The solution profiles
corresponding to surrogates evaluated at the MAP and MLE values of ↵ are contrasted to the true profiles
in Figure 3. A very close agreement between the true and inferred profiles is observed in the distributed
case, whereas we notice some discrepancies for the localized forcing experiments. These higher discrepancies
are consistent with the inferred MAP and MLE of ↵, which are closer to the truth in the distributed
forcing instance. Additional insight into the behavior of the two instances can be gained from Figures 5
and 6 which depict the solution, u, together with the 95% bounds of the pushed-forward prior and the 50%
bounds of the posterior of ↵, considering distributed and localized forcing, respectively. The plots indicate
that the response of the stochastic solution and the inferred posterior can depend significantly on the imposed

7
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Experiment 1: Bayesian Inference of α

Learning α from observations (true value is 0.452)

- Use n = 5 noisy (Gaussian) observations u(xi )

- Priors: α ∼ U(0.1, 0.9) and Jeffrey’s for σϵ
- Bayesian posterior of (α, σϵ)

p(α, σϵ|D) ∝ Πn
i=1

1√
2πσ2

ϵ

exp

(
− (ui − û(xi , α))

2

2σ2
ϵ

)
I[0.1,0.9](α)

1
σ2
ϵ

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.05

0.1

0.15

0.2

0.25

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 3: Case 1: profiles of MAP, MLE and true solutions, for distributed forcing (left) and localized forcing (right). The
noisy observations used for the inference are also shown.
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Figure 4: Case 1: marginal pdf of ↵ for distributed f(x) (left) and localized f(x) (right).
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Figure 5: Case 1: profiles of the solution bu for distributed f(x), the 95% bounds of the solution prior (blue dash), and the 50%
bounds of the solution posterior (red dash). Also shown are the noisy measurements used to perform the inference.

forcing and provide insight into the computed posterior distributions. Specifically, one notes that though
the posterior bounds in the distributed forcing case are tight, they clearly reflect the bias between the MAP
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forcing and provide insight into the computed posterior distributions. Specifically, one notes that though
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Experiment 1: Bayesian Inference of α

Learning α from observations (true value is 0.452)

- Use n = 5 noisy (Gaussian) observations u(xi )

- Priors: α ∼ U(0.1, 0.9) and Jeffrey’s for σϵ
- Bayesian posterior of (α, σϵ)

p(α, σϵ|D) ∝ Πn
i=1

1√
2πσ2

ϵ

exp

(
− (ui − û(xi , α))

2

2σ2
ϵ

)
I[0.1,0.9](α)

1
σ2
ϵ
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Figure 6: Case 1: profiles of the solution bu for localized forcing setups, as indicated. Also plotted are curves showing the 95%
bounds of the solution prior (blue dash) and the 50% bounds of the solution posterior (red dash). The noisy measurements
used to perform the inference are also depicted. Note that a single inference step is performed using all five data points
simultaneously.

and true parameter (see Figure 4). On the other hand, the 50% bounds in the distributed forcing case are
slightly broader but clearly capture the true solution. Of course, a more detailed analysis based on repeated
realizations would be needed to provide a full characterization of the expected information gain associated
with di↵erent strategies and its dependence on the number of observations. Such analysis is outside the
scope of the present exploratory study and is left for future work.

6.2. CASE 2

Setting LM = 0.75, �M = 0.5, and ↵ = 0.5, we build the PC surrogate of u in terms of ⇠. The
PC coe�cients are computed with the LASSO method, on a latin hypercube sample (LHS) set of size

Ns = 50000. Specifically, we obtain a sample set of points ⇠i = (⇠
(i)
1 , . . . , ⇠

(i)
5 )T , with i = 1, . . . , Ns;

then, for each sample point ⇠i we evaluate the corresponding solution ui using the deterministic model, to
constitute the training set of solutions used in the LASSO method. Moreover, surrogates using NISP were
also established and produce surrogates (not shown) of similar quality.
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Figure 7: Case 2: solutions, u, and surrogates, bu, considering distributed f (left), and localized f with x0 = 0.1 (center) and
x0 = 0.5 (right). Simulations are performed using 10 randomly sampled values of ⇠. Surrogates are built using LASSO.

Figure 7 shows a comparison between the deterministic solution u and its surrogate for di↵erent forcing
at randomly selected values of ⇠. A good agreement is observed between the model and its surrogate. To
provide a quantitative estimate of surrogate errors, we plot in Figure 8, profiles of local L2 errors between
the surrogate and deterministic realizations generated using an independent coarse sample. Shown are
results obtained for distributed forcing and forcing functions localized at x0 = 0.1 and 0.5. As expected,
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Experiment 2: log-normal κ

−∂xκ(x)∂αx u(x) = f (x), a ≤ x ≤ b.

- deterministic α = 0.5 and forcings f (distributed or localized)

- uncertain κ (with σM = 0.5 and LM = 0.75)

logκ(x) ∼ N(µ,C(|x − x ′|), C(r) = σ2
M exp(−(r/LM)2)

- truncated (5 modes) KL expansion: logκ(x) ≈ µ+
∑5

l=1
√
λlΦl (x)ξl

- PC expansion of u(x , ξ) with LASSO from LHS with size 5,000 samples
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Figure 6: Case 1: profiles of the solution bu for localized forcing setups, as indicated. Also plotted are curves showing the 95%
bounds of the solution prior (blue dash) and the 50% bounds of the solution posterior (red dash). The noisy measurements
used to perform the inference are also depicted. Note that a single inference step is performed using all five data points
simultaneously.

and true parameter (see Figure 4). On the other hand, the 50% bounds in the distributed forcing case are
slightly broader but clearly capture the true solution. Of course, a more detailed analysis based on repeated
realizations would be needed to provide a full characterization of the expected information gain associated
with di↵erent strategies and its dependence on the number of observations. Such analysis is outside the
scope of the present exploratory study and is left for future work.

6.2. CASE 2

Setting LM = 0.75, �M = 0.5, and ↵ = 0.5, we build the PC surrogate of u in terms of ⇠. The
PC coe�cients are computed with the LASSO method, on a latin hypercube sample (LHS) set of size

Ns = 50000. Specifically, we obtain a sample set of points ⇠i = (⇠
(i)
1 , . . . , ⇠

(i)
5 )T , with i = 1, . . . , Ns;

then, for each sample point ⇠i we evaluate the corresponding solution ui using the deterministic model, to
constitute the training set of solutions used in the LASSO method. Moreover, surrogates using NISP were
also established and produce surrogates (not shown) of similar quality.
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Figure 7 shows a comparison between the deterministic solution u and its surrogate for di↵erent forcing
at randomly selected values of ⇠. A good agreement is observed between the model and its surrogate. To
provide a quantitative estimate of surrogate errors, we plot in Figure 8, profiles of local L2 errors between
the surrogate and deterministic realizations generated using an independent coarse sample. Shown are
results obtained for distributed forcing and forcing functions localized at x0 = 0.1 and 0.5. As expected,
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Experiment 2: Inference of κ

Learn ξ in logκ(x) ≈ µ+
∑5

l=1
√
λlΦl (x)ξl

- Use n = 5 noisy (Gaussian) observations of u(x) with Jeffrey’s for σϵ
- Posterior of (ξ, σϵ) given by

p(ξ, σϵ|D) ∝ Πn
i=1

1√
2πσ2

ϵ

exp

(
− (ui − û(xi , ξ))

2

2σ2
ϵ

)
I[0.1,0.9](α)

1
σ2
ϵ
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Figure 14: Case 2, Instance II: posterior marginal pdfs of di↵usion field coordinates ⇠1, . . . , ⇠5 for distributed (left) and
localized (right) forcing.
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Figure 15: Case 2. Profiles of the solution u, the 95% bounds of the solution prior (blue dash) and the 50% bounds of the
solution posterior (red dash) of ⇠. Shown are solutions obtained using localized forcing; left: Instance I, right: Instance II. In
both cases, the noisy measurements used for the inference are depicted.

respectively. We first construct an approximation of u in terms of ↵, ⇠1, and ⇠2, using a NISP approach to
estimate the PC coe�cients. Here, the multidimensional quadrature points resulting from the tensorization
of 8 Gauss-Legendre (↵ uniformly distributed) and Gauss-Hermite (⇠1, ⇠2 i.i.d. Gaussian) nodes. Similarly,
the PC basis consists of fully tensorized, Legendre and Hermite polynomials with maximum (partial) order
7. In Figure 17, the PC surrogate, û, of u is compared with the solution for a selected value of the random
input vector, considering both distributed and localized forcing. A close agreement between u and û is seen
for all instances depicted in Figure 17.

6.3.1. Global Sensitivity Analysis

The Sobol decomposition of the variance of u is presented in Figure 18 for distributed forcing, and in
Figure 19 for localized forcing. First-order and total-order variances are plotted to illustrate the contributions
of the three uncertain inputs, ↵, ⇠1, and ⇠2. In all cases, the results indicate that ↵ has the dominant role
on the variability of the solution, followed by ⇠1, whereas the impact of ⇠2 is comparatively negligible. First
and total-order partial variances due to ⇠1 peak in the middle of the domain for the distributed forcing, and
at x0 for the localized one. One can also deduce from the curves that mixed interactions between ↵ and ⇠1
are appreciable at locations around the maximum of the forcing.

15
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Experiment 2: Inference of κ

Learn ξ in logκ(x) ≈ µ+
∑5

l=1
√
λlΦl (x)ξl

- Use n = 5 noisy (Gaussian) observations of u(x) at 5 forcing points
Instance I
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Figure 16: Case 2. Profiles of the solution, u, the 95% bounds of the pushed-forward prior (blue dash) and the 50% pushed-
forward bounds of the posterior (red dash) of ⇠. The plots correspond to localized forcing experiments as indicated. Top row:
Instance I; bottom row: Instance II. The noisy measurements used in the inference are also depicted.
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Figure 17: Case 3: solutions, u, and surrogates, bu, for distributed forcing (left), and localized f with x0 = 0.1 (center) and
x0 = 0.5 (right). Solutions correspond to ↵ = 0.3377, ⇠1 = �2.3668, and ⇠2 = �1.1544.

6.3.2. Inference of ↵ and 

To estimate ↵, ⇠1 and ⇠2, we consider noisy observations of the solution,

ũi = bu(xi;↵, ⇠t)(1 + ✏i), i = 1, . . . , md,

where md is the number of observations, the xi’s are the observation locations, the ✏i’s are i.i.d. centered
Gaussians with standard deviation ⇢̃t = 0.01, and ⇠t is the vector of true coordinates. For the inference
below, the true values of the parameters are randomly drawn from their respective prior distributions;
we have ↵ = 0.5521, ⇠t = (0.4124,�0.358)T . Again, we consider both distributed and localized forcing
experiments, with md = 5 observations/forcing points located at xi = 0.1, 0.3, 0.5, 0.7, and 0.9. The same

16



Fractional Diffusion Models Space-Fractional Diffusion Problems Time-Fractional Diffusion Models Conclusions and outlooks

Experiment 3: Inference of κ and α

Learn jointly α and κ

- PC model of u(x , α, ξ) constructed by PSP

- Use n = 5 noisy (Gaussian) observations of u(x) at 5 points
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Figure 20: Case 3: MAP, MLE and true solution profiles (top row) and di↵usivity fields (bottom row) for distributed and
localized forcing experiments.
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Figure 21: Case 3: marginal posterior of ↵, ⇠1 and ⇠2 for distributed (left) and localized (right) forcing experiments.

The sparse grid projection methods are susceptible to evaluation noise. Therefore, a high number of LHS
samples are necessary to ensure a su�ciently converged estimation of µ and � at each of the sparse grid
nodes. To alleviate this computational burden, one can instead rely on an alternative approach presenting
a more robust behavior against evaluation noise. As a final check of our surrogates for µ and ⌫, we reduced
the LHS set size to Ns = 1, 000 for the estimation of the µ and �, and rely on a regression approach on LHS
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Experiment 3: Inference of κ and α

Learn jointly α and κ

- PC model of u(x , α, ξ) constructed by PSP
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The sparse grid projection methods are susceptible to evaluation noise. Therefore, a high number of LHS
samples are necessary to ensure a su�ciently converged estimation of µ and � at each of the sparse grid
nodes. To alleviate this computational burden, one can instead rely on an alternative approach presenting
a more robust behavior against evaluation noise. As a final check of our surrogates for µ and ⌫, we reduced
the LHS set size to Ns = 1, 000 for the estimation of the µ and �, and rely on a regression approach on LHS
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Title-fractional diffusion equation

(Stochastic) Time-Fractional Diffusion Equation
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Title-fractional diffusion equation

We consider the time-fractional diffusion equation

∂t u(x , t)−∇ ·
(
∂1−α

t κ∇u
)
(x , t) = f (x , t), for x ∈ Ω and 0 < t < T ,

for Ω convex, polyhedral in Rd (d ≥ 1), completed with IC u(x , 0) = u0(x) and
homogeneous Dirichlet / Neumann BCs.

The fractional coefficient α ∈ (0, 1] (case of α = 1 correspond to normal diffusion).

We denote ∂t = ∂/∂t the classical time partial derivative, and ∂1−α/∂t the
time-fractional derivative (Riemann–Liouville sense):

∂1−α
t v = ∂tIαv , Iαv(t) =

∫ t

0
ωα(t−s)v(s) ds with ωα(t) =

tα−1

Γ(α)
, with 0 < α < 1.

The time-fractional derivative is a time-convolution (in the past).
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Time and space discretizations

L1 time-scheme: piecewise linear interpolation over a time mesh.

- Use a graded time-mesh with nodes ti . Let γ ≥ 1 and denote N the number of
time-intervals. We set

τ = T 1/γ/N, ti = (i τ)γ , for 0 ≤ i ≤ N.

For 1 ≤ n ≤ N, we denote τn = tn − tn−1 the length of the n-th subinterval
In = (tn−1, tn).

- FE method for the spatial discretization: denote Vh the FE space and [Dh] and
[Mh] be the FE diffusion and mass matrices.

- The discretized problem writes

[Mh](U
n
h − Un−1

h ) +
ταn

Γ(α+ 2)
[Dh](U

n
h + αUn−1

h ) = Fn
h + ωα+1(τn)[Dh]U

n−1
h

−
(
ωα+1(tn)−ωα+1(tn−1)

)
[Dh]U

0
h− [Dh]

n−1∑

j=1

ωα
n,j

τj
(Uj

h−Uj−1
h ), for 1 ≤ n ≤ N,

with
ωα

n,j =
(
ωα+2(tn − tj−1)−ωα+2(tn−1 − tj−1)

)
−
(
ωα+2(tn − tj )−ωα+2(tn−1 − tj )

)
.
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Time and space discretizations

L1 time-scheme: piecewise linear interpolation over a time mesh.

- Use a graded time-mesh with nodes ti . Let γ ≥ 1 and denote N the number of
time-intervals. We set

τ = T 1/γ/N, ti = (i τ)γ , for 0 ≤ i ≤ N.

For 1 ≤ n ≤ N, we denote τn = tn − tn−1 the length of the n-th subinterval
In = (tn−1, tn).

- FE method for the spatial discretization: denote Vh the FE space and [Dh] and
[Mh] be the FE diffusion and mass matrices.

- The discretized problem writes

[Sn
h]W

n
h = Fn

h−
(
ωα+1(tn)−ωα+1(tn−1)

)
[Dh]U

0
h−[Dh]

n−1∑

j=1

ωα
n,j

τj
Wj

h, for 1 ≤ n ≤ N,

where [Sn
h] = [Mh] +

τα
n

Γ(α+2) [Dh] and Wn
h = Un

h − Un−1
h .

Mustapha, Knio and OLM, A second-order accurate numerical scheme for a time-fractional Fokker-Planck equation, IMA J.

Numerical Analysis, (accepted).
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Case of stochastic α

Let α be random with density pα and satisfying a < α < b a.s., for some
0 < a < b < 1.
Let ψk=0,1,...(α), be mutually orthonormal random polynomials in α, where ψk ∈ πk
(set of polynomials with degree k ). The orthonormality conditions writes as

E [ψkψk′ ] =

∫ b

a
ψk (α)ψk′ (α)pα(α)dα = δkk′ .

Any function h(α) ∈ L2(Θ) has a Polynomial Chaos (PC) expansion,

h(α) =
∑

k≥0

hkψk (α),

where the hk are called the PC coefficients of h(α).
In practice the PC expansion will be truncated to a finite order No,

h(α) ≈ ĥ(α) =
No∑

k=0

hkψk (α) = ψ
T(α)h,

For instance, the stochastic vector of increments Wn
h(α) ∈ Rdh × L2(θ) will be

expanded in

Wn
h(α) ≈ Ŵn

h =
No∑

k=0

(
Wn

h
)

k ψ(α),
(
Wn

h
)

k=0,...,No ∈ Rdh .
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Stochastic Galerkin problem

Inserting the PC expansion of Wn
h(α) in the discrete system yields a stochastic

residual vector Rn
h:

[Sn
h]Ŵ

n
h − Fn

h +
(
ωα+1(tn)− ωα+1(tn−1)

)
[Dh]U

0
h + [Dh]

n−1∑

j=1

ωα
n,j

τj
Ŵj

h = Rn
h.

We request the residual to be orthogonal to the stochastic space and obtain the system

No∑

l=0

E
[
ψk [Sn

h]ψl
] (

Wn
h
)

l = δk,0Fn
h − E

[
ψk
(
ωα+1(tn)− ωα+1(tn−1)

)]
[Dh]U

0
h

−
n−1∑

j=1

No∑

l=0

1
τj
E
[
ψkω

α
n,jψl

]
[Dh]

(
Wj

h

)
l
, (1)

to be satisfied for k = 0, . . . ,No and n = 1, · · · ,N.
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Stochastic Galerkin system

For stochastic matrix [Sn
h] with deterministic κ, it comes

E
[
ψk [Sn

h]ψl
]
= [Mh]δk,l + [Dh]cn

k,l , cn
k,l

.
= E

[
ταn

Γ(α+ 2)
ψkψl

]
.

Let us define [Sn
h(k , l)]

.
= [Mh]δk,l + cn

k,l [Dh] and

wn,0
k

.
= E

[
ψk
(
ωα+1(tn)− ωα+1(tn−1)

)]
, wn,j

k,l
.
=

1
τj
E
[
ψkω

α
n,jψl

]
.

The Stochastic Galerkin problem writes: for k = 0, . . . ,No

No∑

l=0

[Sn
h(k , l)]

(
Wn

h
)

l = δk,0Fn
h −

No∑

l=0

wn,0
k [Dh]U

0
h −

n−1∑

j=1

No∑

l=0

wn,j
k,l [Dh]

(
Wj

h

)
l
,

- Large linear system of coupling the PC coefficients of Ŵn
h

- The Galerkin system is SPD wih size (No + 1)dh × (No + 1)dh

- Iterative solvers (PCG): selection of preconditioners

- Evaluation of the coefficients wn,0
k , wn,j

k,l and cn
k,l
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Stochastic exponentiation

PC expansion of h(α) = τα for τ > 0. Since h(α) = exp(α log τ) it is the solution
y(t = 1) of the SODE

dy
dt

= α log τy(t), y(t = 0) = 1.

For the PC expansion ŷ(t) =
∑No

k=0 yk (t)ψk (α) the Galerkin (weak) form of the SODE
is

dyk

dt
= log τ

No∑

l=0

E [ψkψlα]yl (t), for k = 0, . . . ,No.

Letting y = (y0 · · · yNo)T and [Aα]k,l = E [αψkψl ], it comes

dy
dt

= (log τ) [Aα]y , y(t = 0) = (1, 0, · · · , 0)T

The matrix [Aα] is SPD and can be decomposed in [Vα][Λ][Vα]T, with unitary [Vα]
and diagonal [Λ]. Denoting l the vector of eigenvalues (lk = λk ≥ 0), we obtain

τα ≈ τ̂α = ψ(α)T[Vα]v(τ), vk (τ) = exp(lk log τ)[Vα]0,k = τ lk [Vα]0,k , k = 0, . . . ,No.
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Stochastic exponentiation (shifted case)

For latter use, consider a deterministic shift s ∈ R. We have

[Aα+s] = [Aα] + s[I] = [Vα] (Λ + s[I]) [Vα]T.

Defining l(s) the vector of shifted eigenvalues, with lk (s) = (λk + s), it comes

τα+s ≈ τ̂α+s = ψ(α)T[Vα]v(τ, s), vk (τ, s) = τ lk (s)[Vα]0,k , k = 0, . . . ,No.

- Exponentiation requires the spectral decomposition of [Aα]

- [Aα] depends only on α and the basis (No)

- cost of computing the PC expansion of τα+s is No exponentials
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PC expansion of Γ(α)

We now turn to the PC approximation of Γ(α). Recall

Γ(α) =

∫ +∞

0
τα−1e−τdτ.

Using the PC approximation of τα−1 (shift s = −1 above),

τα−1 ≈ τ̂α−1 = ψ(α)T[Vα]v(τ,−1), vk (τ,−1) = τ lk (−1)[Vα]0,k , k = 0, . . . ,No,

and integrating we get the PC approximation of Γ(α):
∫ +∞

0
ψ(α)T[Vα]v(τ,−1)e−τdτ = ψ(α)T[Vα]

∫ +∞

0
v(τ,−1)e−τdτ = ψk (α)

T[Vα]g(−1),

where g(s) has for entries

gk (s) = [Vα]0,k

∫ +∞

0
τ lk (s)e−τdτ = [Vα]0,kΓ(lk (s) + 1), k = 0, . . . ,No.

We can generalize this approximation for some deterministic shift s:

Γ(α+ s) ≈ ψ(α)T[Vα]g(s − 1), gk = [Vα]0,kΓ(lk (s − 1) + 1).
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PC approximation of stochastic ωα+s(t)

we consider the PC approximation of ωα+s ,

ωα+s(t) =
tα+s−1

Γ(α+ s)
≈ ω̂α+s(t) =

No∑

k=0

hk (t , s)ψ(α).

Its PC coefficients hk are such that
(
ψ(α)Th

) (
ψ(α)T[Vα]g

)
−ψ(α)T[Vα]v = r(α),

with E [rψk ] = 0 for k = 0, 1, . . . ,No. These conditions are equivalent to

[H]h = b, [H]k,l =
No∑

m=0

Cklm

(∑

i

[Vα]m,i g i (s − 1)

)
, b = [Vα]v(t , s),

The matrix [H] depends only on the shift s, when b is function of s and t .
This enable the efficient PC approximation of the SFDE coefficients, for instance the
rhs for ωα

n,j is

bα
n,j = [Vα]

(
v(tn − tj−1, 2)− v(tn−1 − tj−1, 2)− v(tn − tj , 2) + v(tn−1 − tj , 2)

)
.
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Convergence of the PC approximations of the coefficients

Assume α has a uniform distribution U [amin, amax] and introduce ξ ∼ U [0, 1] to
parametrize α(θ) through

α(θ) = amin + (amax − amin)ξ(θ).

The random polynomials ψ(ξ) are the normalized Legendre polynomials of the
interval [0, 1].
Consider the PC approximation error

ϵ1 =
∣∣∣ ̂ωα+1(t)− ωα+1(t)

∣∣∣
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Figure 1: Approximation \!↵+1(t) for di↵erent PC order no. The color corresponds to the absolute error | \!↵+1(t)�!↵+1(t)|.
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Figure 2: Approximation \!↵+2(t) for di↵erent PC order no. The color corresponds to the absolute error | \!↵+2(t)�!↵+2(t)|.
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Figure 3: Approximation \!↵+2(t) for PC order no = 6 and di↵erent uncertainty ranges. The color corresponds to the absolute
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(b) Mean solution at t = 0.5 coloured by standard deviation.
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(c) Mean solution at t = 1.1 coloured by standard deviation.
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(d) Mean solution at t = 5 coloured by standard deviation.

Figure 5: Computational domain, finite element mesh and mean of the PC solution coloured by standard deviation value at
di↵erent times as indicated. Case of ↵ ⇠ U [0.75, 1], with PC expansions using no = 10.
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Figure 6: Solutions at the Neumann point (center of the Neumann boundary) for increasing range of ↵. The plots show the
mean values of the PC approximation, with ±2� bounds, and a set of 10 random realizations of the PC expansion. Computation
with no = 10. Other numerical parameters are provided in the text.

Figure (7) reports the errors on the computed mean ✏mean and standard deviation ✏std at the Neumann

12

- Homogenous IC, uniform forcing: monotonic evolution to steady state

- Time mesh over (0, 5] with 600 nodes and γ = 1.2

- FE mesh (P2) with 5,000 elements and 11,000 dof in space
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Test Problem

Time evolutions at the center of the Neumann boundary
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(b) Mean solution at t = 0.5 coloured by standard deviation.
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(c) Mean solution at t = 1.1 coloured by standard deviation.
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(d) Mean solution at t = 5 coloured by standard deviation.

Figure 5: Computational domain, finite element mesh and mean of the PC solution coloured by standard deviation value at
di↵erent times as indicated. Case of ↵ ⇠ U [0.75, 1], with PC expansions using no = 10.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  1  2  3  4  5

V(
t)

t

± 2 σ
Mean

Realizations

(a) ↵ ⇠ U [0.95, 1]

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  1  2  3  4  5

V(
t)

t

± 2 σ
Mean

Realizations

(b) ↵ ⇠ U [0.75, 1]

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  1  2  3  4  5

V(
t)

t

Mean
± 2 σ

Realizations

(c) ↵ ⇠ U [0.5, 1]

Figure 6: Solutions at the Neumann point (center of the Neumann boundary) for increasing range of ↵. The plots show the
mean values of the PC approximation, with ±2� bounds, and a set of 10 random realizations of the PC expansion. Computation
with no = 10. Other numerical parameters are provided in the text.

Figure (7) reports the errors on the computed mean ✏mean and standard deviation ✏std at the Neumann
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Test Problem

Error on mean and Std at the center of the Neumann boundary:

ϵmean(No) = |u0 − E [U]| , ϵstd(No) =

∣∣∣∣∣∣

(
No∑

k=1

u2
k

)1/2

− V [U]1/2

∣∣∣∣∣∣
,

point for di↵erent orders, that is

✏mean(no) = |u0 � E[U ]| , ✏std(no) =

������

 
noX

k=1

u2
k

!1/2

� V[U ]
1/2

������
,

where E[U ] and V[U ] are estimated using the PC solution with no = 10. The plots in Fig.(7) highlight the
fast convergence of the PC solution with no. We observe that when no becomes greater than 5, the error
reduction tends to level and when no = 7 the errors become noisy for t & 2. These e↵ects can be explained
by the numerical precision of the computationa and the tolerance on the iterative solver. Anyway, the
convergence behavior is satisfactory and the temporal and spatial discretization errors are surely dominant
in this regime.
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Figure 7: Convergence with the PC order no of the errors on the mean and standard deviation of cUh at the Neumann point.
Case of ↵ ⇠ U [0.5, 1]

To assess globally the error in the stochastic numerical solution cUh we also report in Fig. 8 the root
mean squared error integrated in space, defined as

✏L2(tn) = E
⇣

Un
h � cUn

h

⌘T

[Mh]
⇣
Un

h � cUn
h

⌘�1/2

.

In practice, the error is estimated using a highly accurate Gauss quadrature, with 25 Gauss points. At each
Gauss point, the deterministic problem is solved to obtain the corresponding realization of Uh. Figure 8
then shows the time evolutions of ✏L2(tn) for di↵erent orders no in the case of ↵ ⇠ U [0.75, 1]. As for the
errors on the mean and standard deviation, the RMS error is seen to initially decrease quickly with no, with
a reduction of roughly 4 orders of magnitudes when no goes from 1 to 4. For no > 4 the error is seen to
stagnate, especially for the largest t and no significant improvement is reported when no increases above 8.
This stagnation deserves more investigation, but the it seems consistent with the stopping criteria used in
the iterative solver (preconditioned conjugate gradient).

Also, planning to show mean suqared error fields at some characteristic times, and spectra of the solution
for di↵erent ranges of ↵.
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Test Problem

Integrated mean squared error:

ϵL2(tn) = E
[(

Un
h − Ûn

h

)T
[Mh]

(
Un

h − Ûn
h

)]1/2
.
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Figure 8: Convergence with the PC order no of the root mean squared error ✏L2(tn). Case of ↵ ⇠ U [0.75, 1]
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Conclusions and Outlooks

Summary

- Smooth dependences wrt to fractional and diffusion coefficients (space and time)

- Effective PC expansions with decent polynomial degree

- Design of experiments for fractional diffusion problems

Outlooks

- Stochastic Galerkin methods for space-fractional equations

- Preconditioning of the Galerkin problems

- Hierarchical matrices for Galerkin problems

- Improved treatment of time-convolutions

- Spatially variable fractional coefficients
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