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1. PDMP — Piecewise Deterministic Markov Processes

3. Importance sampling for PDMP

PDMP trajectories of duration tmax > 0. Importance sampling for rare events : we generate trajectories from an auxiliary distribution 7 which

Hybrid process : Z; = (X¢, M;) € E produces more trajectories in D than my then we fix the bias with the proper likelihood ratio.

position X; is continuous, Z = (Zt)t€[0,tmax] ~TAK
where )  is the distribution of the PDMP ro(2)

~ (Z
characterized by jump intensity A and kernel K. Pig == — Z ]lzkgp ol k)) Nf.oo> Ex []IZED %(Z)] = Eny[1zep] =

mode My is discrete.

Deterministic process between two jumps : N
M. = m Variance reduction : strongly depends on the choice of 7. Poor choices lead to a very high variance
Y

estimator but optimal choice mopt(Z) = %]IZED mo(Z) leads to a zero variance estimator.

mode remains constant M ; =
position follows the flow &,

(Xstt,m) = (DXs,m(t)'
Jumps at the boundaries of E : Mode,
t) = inf{t > 0: ®,(t) € HE}.

Optimal importance distribution for PDMP

Distribution 7yt : same state space £ and same flow ® as for 7y but optimal jump intensity Aopt and
optimal jump kernel Kopt depend on Ugpt the committor function of the process.

Jumps at random times according to jump

: : TN Ugor (P,—(t), s+t
intensity \. Let 7, be the waltlng time from z, e >\opt(¢z—(t); 5) — )\O(q)z—(t)) Uopt (q) ~(t) )’ (1)
. —f Opt( (t)75_|_ t)
P(T;>t)=1,_ 0 Uer (2.5)
Kopt (z_,z; s) = Kj (z_,z) X fpt — (2)
The state of the process after a jump is randomly Uppt (27, 5)

selected by jump kernel K. Jumping from z—

Mode, with  Uopt(z,s) = Pry (£ € D[ Zs = z) and Uopt( ,S) = /E Uopt(z, s) Ko(z ™, dz).

for BC E, P,-_,—(Z¢€ B) :/ K(z™,dz).
B

What does that mean?

What are we trying to do? . _ - _ _
Committor function : probability of reaching the rare event knowing the current state of the process.

Let mg = ), K, be the distribution of the PDMP Z and D a subset of the possible trajectories on E. . _ - _ _ _ _ _ _ .
’ Equation (1) : if the probability of reaching D is k times higher by jumping from a specific state than by

Goal : estimating P := P ,(Z € D) when P is too small to be estimated by a crude Monte-Carlo method. not jumping, then the jump intensity on that state must be multiplied by &.

Equation (2) : if the probability of reaching D is k times higher by jumping to a specific state than by

Application case : the PDMP models an industrial system. D is the set of trajectories that encounter _ _ _ - _ _ o
jumping randomly according to K, then the probability of jumping to that state must be multiplied by k.

system failure and the probability of failure P is about 107>.

If you know the committor function, you can build the optimal IS estimator !

2. Application case — Spent fuel pool system

4. Approximating the committor function

Spent nuclear fuel is stored in a cold water pool. If the system does not cool the pool, the nuclear fuel
evaporates the water then damages the structure and contaminates the outside. Idea : build a near-optimal importance distribution 7o, by using an approximation U, instead of the
unknown function committor Ugpt in equations (1) and (2).

of Gop fo—— Bz
o legend Ua(z) = e(z’_l Oé') . ac A cC RIPs, (3)
> Waterfiow The closer (3, is to dyjps, the closer the process is to D. Uy, is therefore an increasing function in ;.
Sy < > s,
— < — <h —— - &——>  Electrical flow
Cross entropy procedure
N - A N - A PR S N Gi | Power Generator |
Sl L Pf | G L Df | S —f . 3 Sequential algorithm : we jointly tune a and estimate P.
N : N : < N — < Si Water source i _ _
Ly 5 Ly Ly arg min Dy (7ToptH7Ta) = arg min {_EWO |1 zcp log (e (Z))]}
: Laa : : L22 < > L23 <H Lij | Circuiti of Line | acA oc
S S .[_>I » ool of water At iteration g = 1,..., ), we minimize an estimate of the KL divergence using all thde trajectories drawn :
T 5 . <]. B L <]- 5 Simulation phase. Generate a new sample of ng trajectories Z%q), . ,Z,gq) pR o(a)-
> > > Spent nuciearfue Optimization phase. Update the parameter o with the g last samples (Z/((l))zlzl, el (Z/((q))zqzl.

@\ aldtl) — arg min{ ZZ“ mo (2 /((r)) log [Wa(Z,((r))} }

ach r=1 k=1 ( )

Estimation phase at the final iteration @ (with Ng = Zq ] nq) we reuse all past samples to estimate P :

Figure 1 — Representation of the spent fuel pool. The temperature of an outside water source S; is transfered to the
pool through three sealed circuits connected by heat exchangers L; 1, Ly and L3 ; forming a line L;. The system has a general power
supply Gg. In the event of a problem with one of these components, the system is equipped with two other lines L, and L3 identical to

L1, an emergency diesel generator for each line Gy, Go and Gs, and a second outside water source S, accessible only to the third line Lg. ,B zq: (Z/((q))
No — (
. " . . . q)
The system fails when the water level drops below a critical level. This is only possible when specific @ g=1k=1 a(q) (Zk )

combinations of components are broken.

Minimal path sets (MPS) of an industrial system
5. Numerical results

— —— . . The path sets of a system are the sets of components —
Go G1 Go G, Go Gs such that Method Sample size N Estimated probability P Coefficient of variation 95% confidence interval
| I— )
. . 5 5 . -5
‘l:|:: keeping all components of any path set intact 10 2% 10 223.60 0:4.77 x107°]
. - o prevents system failure. CMC 106 1.3 x 10°° 277.35 5.93 x 107°; 2.01 x 10°%]
=" keeping one component broken in each path set _ - - 5
o] ik ] pIng P P 107 1.77 x 1075 237.68 1.51 x 107°; 2.03 x 10~°]
- - - - ensures system failure. _ _
: : : : : : 102 2.18 x 10_5 4.69 _176 X 10_5; 4.18 % 10_5_
| Laa | Lz | | Lea | A Minimal Path Set is a path set that does not , - - - .
] . . | . | : 1S 10 2.19 x 107> 3.01 1.78 x 107>; 2.60 x 107
: ; : : : ; contain any other path set. : :
e | ' I ' I 10 1.99 x 107 1.01 1.96 x 107°; 2.03 x 1072
d is the number of MPS of the system, : ..
I MPS , Y Table 1 — Comparison between crude Monte-Carlo (CMC) and our adaptive importance
B is the number of MPS with at least one

sampling method (IS).

Figure 2 — 8 MPS of the SFP system.

Go, 51, L1), (G, 51, L1), (Go, 51, L2), (G2, 51, L2), : L
EGE 51 L;I;; EGzls 51 L;I;; EGE 5; Lz; EGi 5; L3 Our method reduces the variance of the estimation by a factor greater than 10* compared to a CMC method.

broken component in state z € E.




